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ABSTRACT�Introduction: The subject of the study is the effect of humidifi cation of aerosol on visibility on roads. When 
hygroscopic aerosol becomes humidifi ed, the size of aerosol particles increases several times, which sig-

nifi cantly impairs visibility on roads. The aim of the study is to study the effect of humidifi cation of hygroscopic aerosol on 
visibility on highways. Materials and methods: A model is proposed for calculating integral visibility on a long highway, taking 
into account the hygroscopicity of the aerosol, i.e. the effect of humidifi cation of the aerosol in these zones. The variational op-
timization method was used to perform a model-based study of total visibility along a long highway passing through geometric 
zones characterized by varying degrees of aerosol air pollution and relative humidity in these zones. A logarithmic measure 
of aerosol air pollution has been introduced for consideration, as well as an integral logarithmic measure of such pollution in 
both discrete and continuous representations. Findings: It is shown that the integral logarithmic measure of aerosol pollution 
taking into account the effect of humidifi cation of aerosol reaches a maximum with a certain type of introduced relationship 
function, and at the same time, visibility on a highway reaches a minimum in the integral sense. Conclusions: It is determined 
that when a certain restrictive condition imposed on the integral of the introduced relationship function is satisfi ed, the integral 
logarithmic measure of aerosol pollution reaches a maximum with a certain type of the introduced relationship function, and 
visibility on the highway reaches a minimum, in the integral sense.
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АННОТАЦИЯ''Предмет исследования — влияние увлажнения аэрозоля на видимость на автодорогах. При увлаж-
нении гигроскопичного аэрозоля размеры аэрозольных частиц увеличиваются в несколько раз, 

что значительно ухудшает видимость на дорогах. Цель исследования — изучение влияния увлажнения гигроскопичного 
аэрозоля на видимость на автодорогах. Предложена модель для вычисления интегральной видимости на продолжительной 
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INTRODUCTION

The World Meteorological Organization defi nes 

visibility as a distance at which an observed object is 

seen against its background with a contrast equal to 

the contrast threshold for the observer [1]. The im-

portance of visibility on roads is hard to overestimate 

[2–5]. High levels of air pollution usually impair visibil-

ity on roads. In particular, high aerosol concentrations 

in the air cause high light scattering, thus signifi cantly 

reducing visibility on roads. Thus, according to [6], in 

London, smog reduces visibility to just few meters. 

A similar situation has been also observed in large 

cities in China [7] and India [8]. At the same time, in 

clear air, meteorological factors, such as temperature, 

relative humidity, wind velocity, and wind direction, 

have no impact on visibility. However, the situation is 

diff erent when aerosol pollution is high. In particular, 

the hygroscopicity of the bulk of atmospheric aerosol 

causes humifi cation of aerosol particles, which, in turn, 

makes them grow in size, volume, and weight. As a re-

sult, the refractive index of aerosol particles changes 

causing the dependence of visibility on relative air 

humidity [9–10]. To carry out a model-based study of 

the problem, let us briefl y overview the existing model 

relations found in [11].

The basic measure of light attenuation by an aero-

sol particle is the extinction coeffi  cient determined as 

follows:

 β
ext

 = β
sca

 + β
abs

, (1)

where β
ext

 is the extinction (attenuation) coeffi  cient; 

β
sca

 is the scattering coeffi  cient; and β
abs

 is the absorp-

tion coeffi  cient.

According to Koschmieder’s defi nition, horizontal 

visibility (γ) is determined as

 ,
ext

k
γ =

β
 (2)

where k is the experimentally determined coeffi  cient 

that takes into account the sensitivity threshold of the 

observer’s eyes.

According to [11], when aerosol pollution is high:

 β
sca

 . β
abs

. (3)

The scattering coeffi  cient is determined according 

to the Mie theory as follows:

 ( ) ( )
2

0

, , ,
2sca sca
D

n Q n N f D dD
∞

⎛ ⎞β = α λ ⋅⎜ ⎟
⎝ ⎠

∫  (4)

where D is the particle diameter; and α is the size pa-

rameter which is determined as follows:

 ,
Dπ

α =
λ

 (5)

where λ is the wavelength; N is the quantitative con-

centration of particles; n is the refractive index; and 

f(D) is the particle size distribution law.

According to [12], when aerosol is humidifi ed, all 

values in equation (4) change. For example, the scatter-

ing coeffi  cient is determined as follows:

 
( )
( )

1 ,
100

sca

sca

RH RH
dry

−γβ ⎛ ⎞= −⎜ ⎟β ⎝ ⎠
 (6)

where β
sca

(RH) is the value of the scattering coeffi  cient 

at relative humidity RH; β
sca

(dry) is the value of the 

автотрассе с учетом гигроскопичности аэрозоля, т.е. эффекта увлажнения аэрозоля в этих зонах. C использованием вариа-
ционного метода оптимизации проведено модельное исследование суммарной видимости по продолжительной автотрассе, 
проходящей через геометрические зоны, отличающиеся различной степенью аэрозольного загрязнения воздуха и величи-
ной относительной влажности воздуха в них. Предложен логарифмический индекс загрязненности воздуха аэрозольными 
частицами, а также разработан показатель суммарной логарифмической оценки этого загрязнения — как в дискретной, так 
и в непрерывной постановке. Результаты: Показано, что интегральная логарифмическая оценка аэрозольного загрязнения 
с учетом эффекта увлажнения аэрозоля достигает максимума при некотором виде введенной функции связи, и при этом 
видимость на автотрассе в интегральном смысле достигает минимума. Выводы: Определено, что при выполнении некоторо-
го ограничительного условия, налагаемого на интеграл введенной функции связи, интегральная логарифмическая оценка 
аэрозольного загрязнения достигает максимума при некотором виде введенной функции связи, а видимость на автотрассе 
в интегральном смысле достигает минимума.

KЛЮЧЕВЫЕ'СЛОВА: видимость; автодорога; оптимизация; аэрозоль; увлажнение
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scattering coeffi  cient in dry weather; and γ is the aero-

sol hygroscopicity.

Next, we will conduct a comprehensive model-

based study of visibility on highways running through 

geographic areas with varying degrees of aerosol air 

pollution.

MATERIALS AND METHODS

We will consider the proposed meteorologi-

cal model of a substantially long highway passing 

through areas with diff erent degrees of aerosol pol-

lution (Fig. 1).

According to the model shown in Fig. 1, a highway 

with length А
0
А

n
 runs through n zones with varying 

weather conditions. Specifi cally, for zone Z
i
, relative 

humidity is defi ned as RH
i
 and aerosol hygroscopicity 

as γ
i
. Hence, we can speak of the two sets Z γ.

 RH = {RH
i
}. (7)

 γ = {γ
i
}. (8)

Next, we assume that in the proposed model of a 

weather-dependent highway, (7) and (8) are ordered 

sets, i.e. the following conditions are satisfi ed:

 RH
i
 = RH

i – 1
 + ΔRH;  i = 1, n , (9)

where ΔRH = const; RH
0
 = 0.

 γ
i
 = γ

i – 1
 + Δγ, (10)

where Δγ = const; γ
0
 = 0.

Condition (9) can be substantiated as follows: As is 

known [13], relative humidity exhibits a fairly strong 

spatial correlation (Fig. 2).

Let us plot discrete points L
i
 on axis L, where i = 1, 4

(Fig. 3).

L is the spatial distance, where L
3
 – L

1
= L

4
 – L

2
 = ΔL.

For points L
1
 and L

3
, we will write the following:

 RH(L
1
) = C(L

1
, L

3
) · RH(L

3
), (11)

where C(L
1
, L

3
) is the RH correlation coeffi  cient at 

points L
1
 and L

3
.

 RH(L
2
) = C(L

2
, L

4
) · RH(L

4
), (12)

where C(L
2
, L

4
) is the RH correlation coeffi  cient at 

points L
1
 and L

4
.

Taking into account that C(L
1
, L

3
) = C(L

2
, L

4
) , from 

(11) and (12), we obtain:

 ΔRH = RH(L
1
) – RH(L

2
) = RH(L

3
) – RH(L

4
). (13)

Equation (13) shows that increment ΔRH is constant 

along the entire axis L (see Fig. 3).

Next, taking into account formula (6), we introduce 

the logarithmic measure for the i-th aerosol-polluted 

zone as follows:

 
( )
( )

ln ln 1 .
100

sca i i
i

sca

RH RH
dry

β ⎛ ⎞η = = −γ −⎜ ⎟β ⎝ ⎠
 (14)

By summing up (11) for all i’s, we obtain the fol-

lowing:

 æ
1

ln 1 .
100

n
i

i i
i

RH

=

⎛ ⎞= η = − γ −⎜ ⎟
⎝ ⎠

∑ ∑  (15)
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Fig. 1. Geometric interpretation of the proposed model of a highway running through zones (Zi); i = 1, n

Fig. 2. Scattergram of dependence of the correlation coeffi cient 
in values of relative humidity on the distance [13] between 

correlated points

Fig. 3. Explaining the introduction of condition (9)
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For the relationship between γ
i
 and RH

i
, let us intro-

duce a discrete function as follows:

 RH
i
 = Ψ(γ

i
). (16)

In the physical sense, the introduced function (15) 

means that air humidity decreases as aerosol hygrosco-

picity increases, because aerosol kind of “ingests” some 

of the moisture present in the air.

Let us impose a restrictive condition on function 

(13) as follows:

 ( ) 1 1
1

; const.
n

i
i

C C
=
Ψ γ = =∑  (17)

In meteorological terms, restriction (14) means that 

the sum of all highway zones 
1

n

i
i

RH
=
∑  may remain con-

stant.

The meaning of condition (17) for the subject model 

is easily seen from expression (13).

Obviously, if condition (13) is satisfi ed, i.e. when 

ΔL is constant, ΔRH is constant too, i.e. with the fi xed 

value of

 max ,
L

n
L

=
Δ

  (18)

where  is the maximum route length,

We obtain:

 C
1
 = n · ΔRH. (19)

Next, let us switch to continuous analogues of dis-

crete models (9)–(17). Model (14) is presented as fol-

lows:

 
( )max

0 ln 1 ,
100

dxγ ⎛ Ψ γ ⎞
η = − γ ⋅ −⎜ ⎟

⎝ ⎠
∫  (20)

and model (17) is presented as follows:

 ( )max
2 20 ; const.d C Cγ Ψ γ γ = =∫  (21)

Next, we will seek for a form of function Ψ(γ) with 

which η reaches an extreme value.

Taking into account expressions (20) and (21), we 

compose the objective functional F of variational opti-

mization as follows:

 
( ) ( )max max

20 0ln 1 ,
100

d Cγ γ⎛ Ψ γ ⎞ ⎡ ⎤γ ⋅ − + λ Ψ γ γ −⎜ ⎟ ⎢ ⎥⎣ ⎦⎝ ⎠
∫ ∫  (22)

where λ is the Lagrange multiplier.

According to the Euler’s method, the solution to op-

timization problem (22) satisfi es the following condi-

tion:

 

( ) ( )

( )

ln 1
100

0.

d

d

⎧ ⎫⎛ Ψ γ ⎞⎪ ⎪−γ − + λΨ γ⎨ ⎬⎜ ⎟
⎪ ⎪⎝ ⎠⎩ ⎭ =

Ψ γ
 (23)

From condition (18), we obtain:

 ( )

1
1

100 0
1

100

⎛ ⎞−γ −⎜ ⎟
⎝ ⎠ + λ =

Ψ γ
−

 (24)

or

( )
.

100 100

λ ⋅ Ψ γγ
γ − = λ −

From this, we obtain:

( )
100 100

Ψ γ γ
λ = λ − γ +

or

( )
1

100 100

Ψ γ γ γ
= − +

λ λ ⋅

or

 ( ) 99
100 .

γ
Ψ γ = −

λ
 (25)

It can be shown that with solution (25), the objective 

functional (22) reaches its maximum. To this end, ac-

cording to Lagrange, it is suffi  cient to examine the sign 

of the derivative of expression (24) for the required 

function Ψ(γ). The result will have a negative sign and 

therefore functional (22) reaches its maximum. And 

taking into account (2), in the integral terms, visibility 

on the highway decreases to its minimum.

DISCUSSION

It should be noted that we can calculate the La-

grange multiplier in expression (25) using expressions 

(25) and (21). Let us use expressions (20) and (25) to 

calculate the maximum value. Taking into account the 

above, we obtain:

 max
20

99
100 .d Cγ γ⎛ ⎞− γ =⎜ ⎟λ⎝ ⎠

∫  (26)

From (26), we obtain:

 
2
max

max 2
99

100 .
2

C
γ

γ − =
λ

 (27)
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From (27), we obtain:

 
2
max

2 max
99

100 .
2

C
γ

= − + γ
λ

 (28)

From (28), we obtain:

 λ = 99γ2
max

 : 100γ
max

 – C
2
. (29)

Hence, taking into account (29), solution (25) will 

look as follows:

( ) 99
100Ψ γ = −

( )max 2100

99

Cγ γ −
22

maxmax

2 3 4
max

100
100

100 1 ,

C

C C C

γ
= + − =

γγ
⎛ ⎞γ

= + − = − ⋅ γ⎜ ⎟
γ⎝ ⎠

 (30)

where

3 3 4
max

100
100; .C C C= = =

γ

Taking into account (30) in expression (20), we ob-

tain:

 

max 2
max 0

max

2

max

ln 1 1
100

ln .
100

C
d

C
d

γ ⎛ ⎞⎛ ⎞γ
η = γ − − − γ =⎜ ⎟⎜ ⎟⎜ ⎟η⎝ ⎠⎝ ⎠

⎛ ⎞γ
= γ + γ⎜ ⎟

γ⎝ ⎠

∫
 (31)

CONCLUSION

Consequently, the newly introduced value η in-

creases with growth of γ, but decreases with growth 

of γ
max

 and С
2
.

We have conducted a model-based study of total 

visibility along a long highway running through geo-

metric zones with varying degrees of aerosol air pollu-

tion and relative air humidity.

The study has:

1. Proposed a model for calculating integral visibil-

ity along a long highway taking into account the hygro-

scopicity of the aerosol, i.e. the eff ect of humidifi cation 

of the aerosol in these zones;

2. Introduced for consideration a logarithmic meas-

ure of air pollution by aerosols, as well as an integral 

logarithmic measure of pollution both in discrete and 

continuous representations;

3. Introduced for consideration a regression rela-

tionship function between relative humidity and aero-

sol hygroscopicity;

4. Shown that with a certain restrictive condition on 

the integral of the introduced relationship function, the 

integral logarithmic measure of aerosol pollution tak-

ing into account the eff ect of humidifi cation of aerosol 

reaches a maximum with a certain type of the intro-

duced relationship function, while visibility on a high-

way reaches a minimum, in the integral sense.
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